
VTI Non - characterizing surgeries

here are two natural questions :

I) For a fixed n
,
are there infinitely many knots

K
, , K , , - . -

,
such that 53k

;
(a) I skin ) ?

E) For a fixed n , are there infinitely many knots

Ki
,
Kz , . . .

such that ✗kiln ) = ✗K;
(n ) ?

I
recall this is the 4-manifold

clearly Yes to II ) ⇒ Yes to I)
obtained from 134 by attaching
a 2- handle to ki w/framing n

( since 2 ✗kiln ) = 53k
,

.cn ) ) call this the n - trace of
the knot

A. Annulus Twists

We will see the answer to both questions is Yes

we start with a construction called annulus twists

lemma 1 :

let A C M
'
be an embedded annulus with boundary Kuka

suppose F is the framing on K; coming from A

Then MK
,
okztt +

'lait - 'In ) is diffeomorphic to M

Proof : for n = 1
,
note MK

,
vk.tt -1 1,7 - 1) is the some manifold

as the one obtained by cutting M along A and neg king
by a negative Dehn twist on K, and positive

Dehn test along Kz ( see lemma I. 6)



but of course this diffeomorphism of A is
isotopic to the identity and so yields M

for larger n note that if you take n copies of ki
pushed off with framing F then I 1 Dehn
surgery on all of them is the same as

7- ± '

In Dehn surgery on Ki

exercise : check this

second proof : there is some Dehn surgery presentation
for M and in there we see A

fAK,

¥]=

so our surgery picture for n= 1 is
g-⇒ +g. , -2%1

" ""

L
- i ⇒ i

"

¥t]¥¥#]= Fandie slide

L

'

⇒ L

lemmaI. I

slam dunk

exercise : prove thegeneral n case ☒-

let I = A U 1- handle so that I has one boundary[
annulus component



consider an mimer scion 01 : I → M such that

• 41A is an embedding

⇒

• $1
1-handle

h int A are ribbon singularities

this is called an annulus presentation or band presentation
for the knot 14=412-2 )

example :

let A
'

be a sub annulus of A s.t. flint A
'

) contains all

the ribbon singularities
and set 2A

'
= K

,
u Kz with framing 7 warming

from A
'

from the lemma above MK
,
ukzl 7+4,7

-÷ ) I M



but what happens to K ?

before
you

cancel the surgeries on K, and Kz in the proof above

ribbon singularity

to
make it easier

÷¥÷÷⇐¥÷:slide:*
isotopy

handle

is



remove

camp: '
Youdown

exercise : understand this from the perspective of

the first proof of lemma 1

Hin we cut M along A and reg lues by

this is clearly isotopic to the identity



use isotopy to give explicite difteom .
from Mk

,
ukzc9-+14,7-4 ) to M

see where K goes !

define A
"

(K) = image of K under diffeomorphism
MK

,
ukzl 7+4 , F-E) z µ

we say A
"

1K) is obtained from K by an
annulus twist

let F' be the framing on K (and A
"CKD induced by 41-2)

exercise : Compute 7
'

if M=}

Th 12 ( Osoinach 2006) :

MK ( 7
' ) I Mangy 17

'

) for all n

Proof : consider I
'
= I- A

'

(note : pair- of-pants)

note that in My 17
'

) you glued a meridional disk

to I
'
c M - nbhd (K) along longitude for nbhdck)

so I
'

v meridional dish is an annulus A- in MKCF
')

note K
, ukz = ZÑ and the framing 9- on K

, ,
Kz from

A
'

= froning on K, ukz from A-

i. by lemma 1 , 7- + Yn
,
7- Yn surgery on Kiu Ke

in MKIF
') yields MKLF

'

)



but I could do surgery on
the Kukz first toget

AYN in M and then 7
'

surgery on
A
"

(K)
to get MK 17

')
☒-

Cor 3 :

Ifk is as in example above , then AYK) different
for each n

,
so 3- no

'

ly many knots in 53 on
which 0 -

surgery yields
the same 3-manifold

Proof : Kuku Kz ( J of pair -of -pants) is hyperbolic
(use snappy a computer program good

at dealing
with hyperbolic manifolds)

thus by Thurston 's hyperbolic Dehn surgery theorem
for large n, A

"

(K) is also hyperbolic and as

n →✗ its volume increases to that of Kuk, ukz

so they are all different ! ¥7

Remark : If you know about other , easier,
knot invariants

you migth try to show the Alexander polynomials
or signatures of the -1^44 are different but

since Panik (o ) I 5,?(o) one can check that

their Alexander modules are the same (recall

these are determined by Ti(5-K) how does this

relate to til 5,3<10) ) ?) . So the Alexander

polynomials and signatures are the same.



given an annulus presentation (A. 1-handle) of a knot K

we say it is special it

1) A = a ± I twisted band about an unknot

bounding disk D, and
2) the 1-handle is disjoint from D.

note : our example above is special

Th ☐ 4 (Abe - dong - Omae - Takeuchi 2013) :

If K has a special annulus presentation then

✗KID I ✗Ana,
10)

for all n

the proof relies on a result of Akbulut

lemma 5 (Akbwlut, 1927) :

let K , K
' be knots in. 213 " with a diffeomorphism

g
: 24dm → ZXK.cn )"dkt^"ameidi"°"(1) it µ is 0 - framed

,
then girl is a 0- framed on knot

in the Kirby diagram representing XK.la/ and
(2) the Kirby diagram ✗kiln uh

'

represents B
"

,
where h

'

is

the 1-handle represented by a dotted glut

thengextendstoadiffeomorphismxklnl-XK.lt



Proofs : note : µ is the boundary of the co - core of the

2-handle in Xkln )

thus it bounds a disk D
,
the co -core of the handle

recall removing a nbhdof the co - core is the same as

removing the handle

so ✗kln ) \ VID) I 134

by hypothesis glee) bounds a disk D
'

in ✗kiln
and ✗k.cn ) v1D) E B

"

recall
,
v1D) =D ✗ D2 and this framing induces the

0 - framing on 215 c 24in)

similarly for v1D
')

so a

nbhd 12 Xkln ) u D) = Xklul ) ✗ C- i. 2-handle attached

toµ 4 framing
0

and
nbhd ↳✗kiln ) u D

') =② ✗kiln)) ✗ C- 403 ] u 2-handle attached
to
g.
(
µ) 4 framing 0

thus g can be extended to a diffeomorphism 6 from a

neighborhood Not ✗✗dnt)uD to a neighborhood N
'

of ⑦ ✗
µ In ))UD

'

*.
ii. in.

B4



now XkcnÑ E B " and xk.cat#--B4

and 612 (✗µ, - µ,
: 2134 → 2134

Fact (Cerf 1968) :

any diffeomorphism of 53 extends
to a diffeomorphism of B4

thus G extends over B
"
to give a diffeons.

from ✗KIM to ✗kiln) €+7

Proof of The 4 :

since K has a special annulus presentation it looks like

K

± .

band disjoint
from D and

ribbon double
PB only in

0

leftpartof
annulus

Now we have the meridian µ to k

k

annulus⇐?⃝ . . →
"

:* .

under twist

isotopy
ice band dcyo.it

exercises check
from D framing



blow⇐

.

otopy

dot 91M

→

'

*.

slide

i
this means

isotopy

④• = B
"

i

so we can apply lemma 5 to see Xklo ) EXAM (o)
now iterate to get ✗KM EXAM , 10)

exercise : Modify above if annulus was twisting - I
¥7

What about for n ± o ?

let K have a special annulus presentation
we can write Aklk) as



⇐
"

(number of bands "
'

box

depends on b)

""

÷

Theorem 6 /Abe
, Jong, Lueke, Osoinach 2015) :

for any n and all k ,

Xkln) I ✗Ann ,kiln )µpa,µ,a,a,gyµzgqy,?⃝)
Proof : we consider the case K

⇐?⃝, . .and begin
'

by showing n

the 3-mfds are the same



we rewrite the above as

:

performing an annulus twist on this picture gives a diffeom

manifoldgiven by

down⑤ - . ⇒

under twist

÷:"

÷
:*.
⇒

twists

so 53k WE sfthck , /" I
can iterate construction toget result

for all k



the proof that ✗KIM E ✗Annualn ) is now exactly
as in the proof of The 4

¥7

Cort :

If K is as in example above , then Ahnlk) different
for each h

,
so 3- no

'

ly many knots in 53 on
which n -

surgery yields
the same 3-manifold

and have the same n - traces

Proof : for a-0
,
this is in corollary 3

for n =\ 0 Abe
, Jong, Lueke, Osoinach show that

deg A Annick, (t) > deg Dann ,kit
[
Alexander polynomial .

we skip the proof as it is a bit far afieldEp

B Dualizable Patterns

a pattern is an embedding P : s
'

→ V where 11=5
'
✗ DZ

(we assume in P F- S
'
✗ {pt} )

given a knot K in 53 and a framing 9- on K

] an embedding log
: V → s

'
such that

2g (v)
= ubhd of K and

2g (s
'
✗ {p}) defines F for any p c- 215

the satellite of K by P is the knot logo P :S
'
→ 53

and denoted Pg (K ) (if 7=0 , then just PCKD



example :

PCK) is

a pattern P :S '→V= 5×15 is called dualizable if PCs ') is

not null- homologous and 3- a pattern P*:S
'
→ ✓

*

= s
'
✗D2

such that Fan orientation preserving diffeomorphism

f :C- NCPcs 'D)→ *
- N(p*cs5f

tnbhd Pcsifnbhd p*csi)

with Hiv )~¥p* , f- (Xp )# ✓
*
,
f-(Mv ) =

-

Mp *
isotopic

where ✗
✓
= S

'
✗ {p} p c- 215

Xp
=

unique curve on ZNCPCS 'D homologous to a positive
multiple of ✗ ✓ in V- NCPIS

'))

µ✓

= { g) ✗ 215 any q c- 5
'

up
= meridian to PCs

') on ZNCP)

and similarly for ✗✓ * ,µv* , µp* v±Nl→

exercise : show ifI an f :C -NCPcs'D]→ÑÉs5f such
that f- ( Xp ) =Xu* and f- 1µV ) = -Mp *

then can isotop f- so that far )=Xp* and f-(Mpls _µ✓*

What are dualizabk patterns good for ?



That8 (Brakes 1980) :

if P is a dualizable pattern with dual P*, then there is

a diffeomorphism ¢ : 53mn10)→ 5*1,10) where U is

the unknot

Proof: let Vp = V- NCPCS 'D 2 Up = T u Tz
⇒✓

and VÉ*= V" -Nlp *(s )) 2 YE. = T,
*

ut
*

2<-2 ✓
*

note: V17
✓ ) I 53 I ✓

*

(✗
✓
* )

now 5} IPOD = Vp ( Xp? ✓
)

T
Dehn fill T

, by w/slope Xp
and Tz by slope Xv

indeed note that since Xp is homologous to some multiple
of ✗

✓
in Vp , 3- a surface I

'

c Vp 5€ 2 Xp °2¥
,pie
,

so I = I
'
v n meridional disks in the filling

tonus S
'

xD
'

for Tz is a Seifert surface

for PCU)

that is Xp is the 0 framing on PCU)

similarly SLIP "CUD = VI. 17p.tv )
and we have the diffeomorphism

5? 1PM) = Vp 4,5×154=5×15
If did did

SLIP *(UD = Vp: 4.* 5×154; S
'
✗D
'

Et

exercise : Use lemma 5 to show Xp,, 101
= Xp*into)

let Tn : S
'
✗DZ→ 51×15 : (chino))→ (4, Cr, o +not ))



define An IP) = Tno P , this is a newpattern
in v

Tha 9 (Miller - Piccirillo 2018) :

let P be a dual, zable pattern with dual P*, then
for any n c- Z

s},ofn ) I E.1min14

Proof: exercise
. very similar to proof of That 8☒-

OKgreat, but do dualizable patterns exist ?

to find them we set

P : S
'
✗ D2 → s '

✗ 52 : ix.y) 1-7 (x, e (y) )

where e : D-→ 52 maps D2 to a nbhdof north pole

☒y
s
'

✗D2

5×5

if a :S '→ 51×15 then let 2 = Pox

That 10 (Miller - Pic into 2018) :

a pattern P in 5×15 is dualizable ⇐ R is isotopic to Iv in 5×5

alongMvProof :(⇒) note S
'
✗5 -NCE) is diffeomorphic to ⑤✗D2 , up)) (pÉ

"" "" "
"
""

I

slice P is dualizable with dual p*
,
1- a dcffeo

.
f :(VINCP)) → (v5Ncp5)

sending Mu to -

Mp *

so (S
'

✗Dhul# (Mv ) is diffeomorphic to ⑤xD'WlP*))qfµp*)
but this is just a solid torus

so Ñ is a knot in S
'

✗5 with solid torus complement.



ee
.

2NIA is a Heegaard torus for 5
'

✗52

it is known (Waldhansen 1968) that 51×5 has a unique

Heegaard torus so 2ND) is isotopic to a

nbhd of Iv and thus F is isotopic to Ñp

K⇒ let V*= 5×51 Nlñ)

since ① is isotopic to I ✓ = s
'

✗ {pt} we know that V* is a solid torus

so 3- a diffeomorphism of f- : ✓
*

→ s
'

xD
'

such that

f- (Ip ) = s
'

✗ {pt} = ✗ ✓ *

note : T: 5×5→ s
'
✗5:10, ✗ 11-710, row) , where no :S

'
→ 5

rotates 5 by a
, changes framing on Ip

¥0
let Q= If V* and 2- = §

'

✗ 5) INCR u Ip )

note : Vs Nlp) = 2- I V* \ NEXT

in the
"trivial case

"

we see Mu← -90
,

and

•

NIP) Xp→ Xv* in these

yv
diffeomorphisms

up I

µ
this is true uigenaal (see example below)

so P is dualizable with P
*
= f-( Q) c s

'

xD
'

EH



example :
is diealizable

'

indeed

① is Er

I

→

←

→



We now see the dual of P is T.ee (P)

to do this we draw Iv and 5 together with Ip like framing on P)
(dropping outa 5 from the picture )

B u Ip

→

/

-

→

←
→

T
←

⇐

⇐
→

⇐

/



←

/
→

I
→

1
→

=



so 0- surgery on

and on

are diffeomorphic !

exercise :

it P is dualliable with dual P*, then E. (P) is dualiziable with

dual In CP
't)

( so for P the pattern above E. (P) has dual Teen (P ) )

2 knots Kak, are called concordant if there is an embedded

annulus A C 53 c- [0,1 ] sf
.

An 53 ✗ {i} = Kg 2=0.1

Akbulut - Kirby conjectured that if 5%107=-5%107 then
K and K

'

are concordant

THI 11 1Miller - Piccirillo 2018) :

I infinitely many pairs K, K
'

that are not concordant

but 5%101=-51, (o)

Proof : given a knot Kc S3

let -221K ) be the 2- told cover of 53 branched over K

that is consider the 2- told cover of 53k corresponding
to the subgroup kerltd%) → He Is? )→ 2+12 )



thenglue in a solid torus so that its meridian

goes to the
lift to the meridian of K

%
2- fold

→

exercise : If K
,
K

'

are concordant
,
then 3- a compact 4-manifold

✗ Sf
.

2✗ = - Idk) 0 Idk
' ) and

H*l×, -Idk)) I H* IX. IdkD= 0 ( ✗ called homology cobordism)

let Kn= ftp.a.it) 14 and Ki = ( t
→init) (

o)

where it is as above

from The 8 we know 5k
,

(o) I 5kg (o)
to show Kn is not concordant to Kn

' Miller and Piccirillo

compute Ozsvcith and Szabo 's d- invariants

one can show H
* ( Izlkn)) I H* ( Iz (Kj )) E H. (S3)

so the d- invariant of Izlkn ) and Izlki)

is a rational number and it is known that

is two homology spheres are homology cobordant

then their d- invariants are the some

Miller - Piccirillo computed all-221Kids -2<01 dtzlkn)

see their paper EH

If Q :S
'
→ V is a pattern, then let go,

:S
'

-115→ V parameterize
a nbhd NCQIS 'D such that )al s

'
+ {p }) = ✗Q



given another pattern P:S↳ VES
'

xD
'

define the composition
POQ = joo P

Th ☐
12 :

If P and Q are dualizabk
,
with duals P

*

and Q*
,
then

POQ is dualizable with dual Q*op*

Proof: we denote the solid torus in which a pattern R lives by VR

note : Vpoo
,

' NCPOQ ) = Kai NIQ)) ufvplvlp ))

where iv.pis identified with 7g
and

Mvp
" " MQ

since P and Q are dualizable
,
we see

Vqopl NIQOP) I☒px-wlpx-DU~fvqx.IN/Q*D
where Xp " is identified with ✗

✓
*

Q
and µ pg

with -

My *
Q

but this is exactly V0
,

*

op
* IN1¥ A)

exercise : check differ sends ✗ vp.o.to?xoiop* and
ftp.a to -

Mvµop* ¥7

exercise : given Kc s
'

we can get a pattern Pk

D p
,

1) show PKIK
' ) = K # K

'

2) show Pk is dualiz able with dual Pk



Cor 13 :

H P is a dualintake pattern and K a knot in 5?
then SF,kid = 5310*14 #KCO)

Proof : Since PKIU) = K we see Popklu )= Plk)

now (Po PKY = Pko P* so Pkop
*

(D= K # 10*14

the result follows from Th " 8 Ey

ThM-14 (Miller - Piccirillo 2018)

let K admit a special annulus presentation, and
K
'

be obtained by an annulus twist

Then there is a dualcitable pattern P such

that PIDE K
'
and 10*14 I K

Proof : recall K
'

looks like

.

let V=S}_nbhdTp) and p= K
'

CV

to see P is dualitable we use Th
" 10 and see P^ c 5×5

is isotopic to s
'

✗ Ipt}

F c s '✗5 is shown in the figure above if we do zero surgery on P



I

"""

slide

/
isotopy
o .

so P is dualizable with some dual P*

now to see what P* is consider the homes g
: 53k (o ) → 52,101

K
k

annulus⇐?⃝ -, →

⇐

:*.
✗a

twist

0
under twist

so 5h NIK) = 5,3<1011 NH) Eg 5,3 , 1011N/B)

now 5%1071 Nlp) is the result of filling @ ' NLP) ) along Xp
which (by def" ) is homeomorphic 4*1 NIP

't) )
,
14*1

which in turn is 531 NC PEO))

but Gordon-Luecke showed a knot is determined by its

complement, so K isotopic to PTU)<#



C. RGB Links

an RGB link is a 3- component link whose components are written R, G, B

such that 1) BUR is isotopic to Bu
µ,
← meridian to B

2) GUR is isotopic to G oµg←
meridian to G

3) 1k / B. G) = 0

example :

c¥
by property 1) if we attach a

1-handle to B
"

by putting a dot on R and

attach a 0 - framed 2-handle to B we get B4

the link 6 becomes a knot Ko in 53

handle slidesÉ• and cancel÷÷÷
.

by property 2) we alsoget KB in S3

• .
• handle slides f

, ,
I÷:÷:

red andgreen

by property 3) the 0 - framing on B and G goes to the 0 - framing
on Kp and KG



this proves

That 15 (Piccirillo 2019) :

✗Koh =✗kp.IO)

exercise : Show if you attatch 2-handles to G, B with framing 0 and n

respectively, and dot red, then you get Kj and Kj

s.tl/k:H=-Xk,jHThM-
16 1Piccirillo 2019) :

H P is a dualizable pattern and P
*

is its dual

thenF an RGB kik Sf. Plo) = KB and PHD = Ko

o
proof :

suppose
P is

w=¥"
now PM is

"Éj?⃝ = "Éj?⃝O
but 21D) = s

'
✗ 5 so by The 10

"É0=
v.

and P"" is

=

☒



Th ☐
17 (Piccirillo 2019) :

Given an RGB link
,
then 3-a duolizablepattern P with dual p*

such that kg = Plot and K☐ =p
*

(v)

←
recall 210°) =-3(a)

Proof : Given RBG link
, puta dot on R and slide B

"

over
"

R until it is an unknot

suppose this took r slides (counted with sign) so framings on B change by zr
"

€¥
.

slide B over R 1- r) times toget change in framing to be 0

note B and R bound disks if 6 intersects B 's disk

slide it
"

over

"

red toget

☒
now 6 is in the form of PCU)

one can do the same toget B=P
*

Iu)
☒t


